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a b s t r a c t
A proper vertex coloring of a plane graph is 2-facial if any two different vertices joined by
a facial walk of length 2 are colored differently, and it is 2-distance if every two vertices
at distance 2 from each other are colored differently. Note that any 2-facial coloring of a
subcubic graph is 2-distance.
It is known that every plane graph with girth at least 14 has a 2-facial 5-coloring
[M. Montassier, A. Raspaud, A note on 2-facial coloring of plane graphs. Inform. Process.
Lett. 98 (6) (2006) 235–241], and that every planar subcubic graph with girth at least 13
has a list 2-distance 5-coloring [F. Havet, Choosability of square of planar subcubic graphs
with large girth, Discrete Math. 309 (2009) 3353–3563].
We strengthen these results by proving the list 2-facial 5-colorability of plane graphs
with girth at least 12.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
By a graph wemean a non-oriented graph without loops andmultiple edges. By V (G), E(G), F(G),∆(G), and g(G) denote
the sets of vertices, edges, and faces,maximumdegree, and girth of a plane graphG, respectively. (Wewill drop the argument
when the graph is clear from context.)
A vertex coloring of a plane graph is k-cyclic if any twodifferent vertices lying in the boundary of a face of size atmost k are
colored differently. This notion was introduced by Ore and Plummer [25]. Let σk be the smallest number of colors sufficient
to k-cyclically color all plane graphs. We have σ3 ≤ 4 by the Four Color Theorem [1] and σ4 ≤ 6 [2,3]. Furthermore, Borodin
et al. [15] proved that σ5 ≤ 8.
Kràl et al. [23] suggested the following extension of cyclic colorings. A vertex coloring of a plane graph is 2-facial if any
two different vertices joined by a facial walk of length at most 2 are colored differently. By ϕ2 denote the smallest number
of colors sufficient to color all plane graphs 2-facially. In particular, it was proved in [23] that ϕ2 ≤ 8, which implies σ5 ≤ 8,
since each 2-facial coloring is obviously 5-cyclic. The general bound 8 in [23] was improved byMontassier and Raspaud [24]
for plane graphs with large enough girth: ϕ2 ≤ 7 if g ≥ 8, ϕ2 ≤ 6 if g ≥ 10, and ϕ2 ≤ 5 if g ≥ 14. Ivanova [19] proved that
ϕ2 ≤ 4 if g ≥ 22. Note that ϕ2(K1,3) = 4 while g(K1,3) = ∞.
Now suppose each vertex v of a graph G is given a list L(v) of colors. A graph G is said to be list 2-facially k-colorable if
every list L such that |L(v)| ≥ k for each v ∈ V (G) contains a 2-facial coloring.
The purpose of this paper is to improve a result in [24] as follows.
Theorem 1. Every plane graph with girth at least 12 is list 2-facial 5-colorable.
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On the other hand, 2-facial colorings are related to 2-distance colorings. A coloring of G is 2-distance if any two vertices
at distance at most two from each other get different colors. Clearly, 2-distance colorings are usual colorings for the square
of a graph. The minimum number of colors in 2-distance colorings of G is denoted by χ2(G).
By χ l2(G) denote the list 2-distance chromatic number of G, i.e., the smallest k for which G is list 2-distance k-colorable.
Clearly, for ∆ = 2 there are graphs with χ2 = 4 and arbitrarily large girth, say, C3k+1. In [11,4,20,12] we give sufficient
conditions (in terms of g and∆) for χ l2 to equal the trivial lower bound∆+ 1, which can be summarized as follows.
Theorem 2. If G is a planar graph, then χ l2 = ∆+ 1 in each of the cases (i− vi):
(i) ∆ = 3, g ≥ 24;
(ii) ∆ = 4, g ≥ 15;
(iii) ∆ = 5, g ≥ 12;
(iv) ∆ ≥ 6, 10 ≤ g ≤ 11;
(v) ∆ ≥ 10, 8 ≤ g ≤ 9;
(vi) ∆ ≥ 16, g = 7.
For g ≤ 6, there are planar graphs with χ2 = ∆+ 2 for arbitrarily large∆ (see [4,16]). Still, Borodin et al. [13,14] proved
that χ2 = ∆+ 1 whenever∆ ≥ 31 for planar graphs of girth six with the additional assumption that each edge is incident
with a vertex of degree two. Dvořák et al. [16] proved that every planar graph with ∆ ≥ 8821 and g ≥ 6 has χ2 ≤ ∆ + 2,
and Borodin and Ivanova [6,7] weakened the restriction on∆ here to 18.
Special attention is paid to the 2-distance colorings of planar graphs with ∆ = 3 (called subcubic). In 1977, Wegner [4]
(see also Jensen and Toft’s monograph [22]) conjectured that every such graph has χ2 ≤ 7. Furthermore, Dvořák et al. [17]
proved that χ l2 = 4 if g ≥ 24 (i.e., they independently obtained (i) in Theorem 2). Recently, Borodin and Ivanova [8] proved
that χ2 = 4 if g ≥ 22. Montassier and Raspaud [24] proved that χ2 ≤ 5 if g ≥ 14, which was improved by Ivanova and
Solov’eva [21] to g ≥ 13. Dvořák et al. in [17] proved that χ l2 ≤ 5 if g ≥ 14, which result was improved by Havet [18] to
g ≥ 13.
It is not hard to see that any 2-facial coloring of a subcubic graph is 2-distance, so from Theorem 1 we deduce a common
strengthening of the above mentioned results from [24,21,17,18].
Theorem 3. Every planar subcubic graph with girth at least 12 is list 2-distance 5-colorable.
A distinctive feature of our proof of Theorem 1 is that a charge of vertices can be transferred along ‘‘feeding paths’’ to
an unlimited distance. This kind of ‘‘global’’ discharging was introduced by Borodin et al. in [10] and used in [10,5,9] for
improving results on oriented, circular, and acyclic colorings.
2. Proof of Theorem 1
Let G be a counterexample to Theorem 1with the fewest edges. Clearly, G is connected and has no pendant edges. Euler’s
formula |V | − |E| + |F | = 2 can be rewritten as
(10|E| − 12|V |)+ (2|E| − 12|F |) = −24,
where F is the set of faces of G. Hence,−
v∈V
(5d(v)− 12)+
−
f∈F
(r(f )− 12) = −24, (1)
where d(v) is the degree of vertex v, and r(f ) is the size of face f . The charge µ(v) of every vertex v of G is defined to be
5d(v) − 12, while the charge µ(f ) of every face f of G, to be r(f ) − 12. Since the charge of every face is nonnegative, (1)
implies that−
v∈V
(5d(v)− 12) < 0. (2)
Note that the charge of a 2-vertex is −2, while the charge of a 3-vertex is 3, etc. We first describe some structural
properties of G; then, based on these, we redistribute the charges, preserving their sum, so that all new charges µ∗(v) of
vertices are non-negative (which will give a contradiction with (2)).
2.1. Basic properties of the minimal counterexample
By a k-threadwe mean a path consisting of precisely k vertices of degree 2. A vertex of degree at least k or at most k is a
k+- or a k−-vertex, respectively. By a (k1, k2, . . .)-vertexwe mean a vertex of degree at least 3 that is incident with k1-, k2-,
. . . threads.
In what follows, by c(v)we denote the color of a vertex v in a partial 2-facial coloring c of G, and A(v) is the set of colors
that are admissible for an uncolored vertex v, i.e., does not appear on the already colored 2-facial neighbors of v.
308 O.V. Borodin, A.O. Ivanova / Discrete Mathematics 312 (2012) 306–314
Fig. 1. The configuration in Lemma 5.
Fig. 2. The configuration in Lemma 6.
Claim 1 ([18]). A path x1x2x3x4 of vertices having 2 , 2 , 3 , and 2 admissible colors, respectively, is 2-distance colorable with
admissible colors.
Claim 2 ([8]). A path x1 . . . x5 of vertices having 2 , 2 , 3 , 3 , and 2 admissible colors, respectively, is 2-distance colorable with
admissible colors.
Lemma 3. G has no k-thread, where k ≥ 3. 
Lemma 4. G has no (≥1, 2, 2)-vertex.
Proof. Let a (≥1, 2, 2)-vertex v be incident with paths vx1x2, vy1y2, and vz. Take a list 2-facial coloring of G−v and uncolor
x1, x2, y1, y2, and z. Note that |A(y2)| = |A(x2)| = |A(z)| = 2, |A(y1)| = |A(v)| = |A(x1)| = 4. Color z arbitrarily and use
Claim 2. 
By a soft path, SP , we mean a path x1v1x2v2 . . . xkvkxk+1, where v1, v2, . . . , vk are (1, 1, 1)-vertices and no vi is joined to a
vj by a 1-thread if |i− j| > 1. In what follows, the 2-vertex adjacent to vi ∈ SP and different from xi and xi+1 is denoted by
wi. Note that allwi are pairwise distinct.
Lemma 5. G has no (2, 1, 1)-vertex whose 2-vertices of 1-threads are joined by a soft path.
Proof. Let we have a shortest cycle C = v0x1v1x2v2 . . . xkvkxk+1, where v0 is a (2, 1, 1)-vertex incident with a 2-thread
v0x0y0y′0, while v1, v2, . . . , vk are (1, 1, 1)-vertices adjacent tow1, w2, . . . , wk outside C , respectively (see Fig. 1). Since C is
shortest, allwi’s are pairwise distinct.
Take a list 2-facial coloring ofG−C and uncolorwi, where 1 ≤ i ≤ k, y0, and x0.We can assume that |A(vi)| = |A(x0)| = 4,
|A(wi)| = |A(y0)| = 2, where 1 ≤ i ≤ k, and |A(xi)| = |A(v0)| = 5, where 1 ≤ i ≤ k+ 1. Put c(xk+1) ∉ A(x0). Now we can
color the uncolored vertices in the following order:wk, vk, xk,wk−1, vk−1, xk−1, . . .,w1, v1, x1, v0, y0, and x0. 
Lemma 6. G has no two (2, 1, 1)-vertices joined by a 2-thread and whose 2-vertices of 1-threads are joined by a soft path.
Proof. Let we have a shortest cycle C = x0v0x1v1x2 . . . vk+1xk+2, where v1, v2, . . . , vk are (1, 1, 1)-vertices adjacent to
w1, w2, . . . , wk outside C , respectively, v0 and vk+1 are (2, 1, 1)-vertices adjacent to w0 and wk+1 outside C , respectively,
and xi’s are 2-vertices (see Fig. 2). Since C is shortest, allwi’s are pairwise distinct.
Take a list 2-facial coloring of G− C and uncolorwi’s, where 0 ≤ i ≤ k+ 1. We can assume that |A(vi)| = 4, |A(wi)| = 2,
|A(xi)| = |A(xk+2)| = 5, where 0 ≤ i ≤ k+ 1.
We first put c(x1) ∉ A(w0) and then put c(v0) ∉ A(w0)∪ c(x1). Nowwe can color the uncolored vertices in the following
order:w1, v1, x2,w2, v2, x3, . . . , wk+1, vk+1, xk+2, x0, andw0. 
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Fig. 3. Applying RE to v1 .
Fig. 4. The configuration in Lemma 7.
By the operation RE (see Fig. 3) we mean the following.
Let a vertex v1 be incident with paths v1x1v0, v1x2v2, and v1w1, and |A(v0)| = |A(w1)| = 2, |A(x1)| ≥ 3, |A(v1)| = 4,
|A(x2)| = 5. Put c(x1) ∉ A(v0), then color w1 and delete {c(x1), c(w1)} from A(v1) and A(x2).
In this notation, RE is applied to vertex v1. Note that v0 can be colored in the last place, while vertices v1 and x2 have at
least 2 and 3 admissible colors, respectively.
Lemma 7. G has no two (2, 1, 1)-vertices joined by a soft path.
Proof. Suppose G has a path y0x0v0x1v1x2 . . . xk+1vk+1xk+2yk+2 = y0x0v0(SP)vk+1xk+2yk+2, where v1, v2, . . . , vk are (1, 1,
1)-vertices, v0 and vk+1 are (2, 1, 1)-vertices, y0, yk+2, and xi’s are 2-vertices. The 2-vertex adjacent to vi, 0 ≤ i ≤ k+ 1, and
different from xi and xi+1 is denoted by wi (see Fig. 4). Note that due to Lemma 6, the 2-threads at vertices v0 and vk+1 are
different and that k ≥ 0 due to Lemma 4.
Take a list 2-facial coloring of G− SP and uncolorwi, where 0 ≤ i ≤ k+ 1, y0, x0, v0, yk+2, xk+2, and vk+1. We can assume
that |A(vi)| = |A(x0)| = |A(xk+2)| = 4, |A(wi)| = |A(y0)| = |A(yk+2)| = 2, where 0 ≤ i ≤ k + 1, and |A(xi)| = 5, where
0 ≤ i ≤ k+ 1.
We first apply operation RE to v0. More specifically, we put c(x0) ∉ A(y0), then color w0 and delete {c(x0), c(w0)} from
A(v0) and A(x1). Similarly, we apply operation RE to vertices v1, . . . , vk consecutively. As a result, |A(vk)| ≥ 2, |A(xk+1)| ≥ 3,
vertices w0, . . . , wk, x0, . . . , xk are colored, while each of y0, v0, . . . , vk has at least two admissible colors. Now we color
wk+1 arbitrarily and then color vk, xk+1, vk+1, xk+2, and yk+2 by Claim 2. Finally, we color vk−1, vk−2, . . . , v0, and y0 in
this order. 
Lemma 8. G has no (2, 1, 1)-vertex whose 2-vertex of a 1-thread is joined by a soft path to a cycle of (1, 1, 1)-vertices and their
common 2-neighbors.
Proof. Let we have a shortest soft path SP = x1v1x2v2 . . . xkvkxk+1, where x1 is adjacent with a (2, 1, 1)-vertex v0, while v0 is
incidentwith a 2-thread v0x0y0y′0, and v1, v2, . . . , vk are (1, 1, 1)-vertices adjacent tow1, w2, . . . , wk outside C , respectively,
with the property that xk+1 = wj, where j < k (see Fig. 5). Note that j > 0 due to Lemma 5.
So, k is the minimum number providing a counter-example to the statement of Lemma 8. Since SP is shortest, all other
wi’s are pairwise distinct whenever 0 ≤ i ≤ k.
Take a list 2-facial of G− SP and uncolor y0 and wi, where 0 ≤ i ≤ k. We can assume that |A(vi)| = |A(x0)| = 4, where
0 ≤ i ≤ k, |A(wi)| = |A(y0)| = 2, where i ∈ {0, . . . , k} − j, and |A(xi)| = 5, where 1 ≤ i ≤ k+ 1.
Put c(xj+1) ∉ A(vj+1), then color wj+1, and further put c(vj+2) ∉ A(vj+1) − c(wj+1). Now we can color the uncolored
vertices in the following order: wj+2, xj+2, xj+3, wj+3, vj+3, . . . , wk, vk, xk+1. If j = 1, then |A(x1)| = 3 and |A(v1)| = 2; we
color w0 and apply Lemma 2. If j ≥ 2, then we are in the situation of Lemma 7. More specifically, we apply operation RE to
vertices vj−1, vj−2, . . . , v1 consecutively and use Lemma 2. Finally, we color vj+1. 
2.2. Feeding paths and initial discharging
R1: Every 2-vertex that belongs to a 1-thread gets charge 1 from its end vertices, while a 2-vertex that belongs to a 2-thread
gets charge 2 from the adjacent 3+-vertex.
Note that after applying R1, the charge of every 2-vertex vanishes, while the charges of (2, 1, 1)- and (2, 2, 0)-vertices are
equal to−1 and the charges of the other 3-vertices are nonnegative by Lemma 4.
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Fig. 5. The configuration in Lemma 8.
We now introduce the notion of sponsor as follows. Every (2, 1, 1)-vertex v0 gets two feeding paths, FP1 and FP2, each of
which is a soft path starting at a 2-vertex, x1 or x′1, of a 1-thread incident with v0 and ending in a 2-vertex, xk+1 or x
′
k′+1,
adjacent to a sponsor, vk+1 or v′k′+1, respectively. Namely, FP1 = x1v1x2 . . . xk+1 and FP2 = x′1v′1x′2 . . . x′k′+1, where x1 ≠ x′1,
while vi and v′i′ are (1, 1, 1)-vertices, 1 ≤ i ≤ k, 1 ≤ i′ ≤ k′, whereas vk+1 and v′k′+1 are not (1, 1, 1)-vertices; moreover, FP1
and FP1 are shortest paths with these properties.
Due to Lemmas 6 and 7, a feeding path of a (2, 1, 1)-vertex cannot go to another (2, 1, 1)-vertex. By Lemma 5, a feeding
path of a (2, 1, 1)-vertex v0 cannot go to v0, i.e., FP1 ≠ FP2. Finally, a feeding path cannot close on itself by Lemma 8. In view
of the finiteness of our G, this means that vk+1 and v′k′+1 exist. They are called the sponsors for the (2, 1, 1)-vertex v0. Note
that each sponsor having degree 3 is incident with at least one 0-thread.
It also follows from Lemma 7 that no two feeding paths have a (1, 1, 1)-vertex in common or are joined by a 1-thread.
This implies that at most one feeding path enters any 1-thread of any sponsor, i.e., no feeding path branches. On the other
hand, it is not excluded that vk+1 = v′k′+1.
R2: Every (2, 1, 1)-vertex gets charge 12 along each feeding path from its sponsors.
After applying R2, the charge of every (2, 1, 1)-vertex vanishes, the charge of every (2, 2, 0)-vertex is still−1, while the
charges of all other 3-vertices are still nonnegative, except for (2, 1, 0)-vertices that are sponsors (and then have charge− 12 ).
Such (2, 1, 0)-vertices will be called (2, 1∗, 0)-vertices.
Indeed, it suffices to observe that (1, 1, 1)-vertices have charge 0, while any other 3-vertex, except for a (2, 1, 1)-vertex, is
incident with a 0-thread and therefore, having initial charge 3, can end up with a negative charge only if one of its incident
1-threads takes away two units of charge by R1, while the other takes 1+ 12 by R1 and R2.
2.3. Final discharging and completing the proof of Theorem 1
R3: Every (2, 2, 0)-vertex gets charge 1 from the adjacent 3+-vertex.
R4: Every (2, 1∗, 0)-vertex gets charge 12 from the adjacent 3
+-vertex.
A vertex is loaded if it is either a (2, 2, 0)-vertex or a (2, 1∗, 0)-vertex. By Lemma 11 below, applying Rules R3 and R4 does
not result in a conflict.
Claim 9. Suppose a graph H consists of path u2u1uu′1u
′
2 of vertices having 2 , 4 , 5 , 3 , and 2 admissible colors, respectively, and
path v2v1vv′1 of vertices having 2 , 4 , 4 , and 2 admissible colors, respectively, and u is adjacent to v. Then H is 2-facial colorable
with admissible colors.
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Fig. 6. The graph H in Claim 9.
Fig. 7. The graph H∗ in Claim 10.
Proof. Put c(u) ∉ A(u2) ∪ A(v′1). Then we color u′2 and u′1 in this order. Now v′1, v, v1, and v2 can be colored by Claim 1.
Finally, we color u1 and u2 in this order (Fig. 6). 
Claim 10. Suppose a graph H∗ consists of a graph H and a path P = y′0y0x0v0x1 . . . vkxk+1vk+1, where P ∩ H = {y′0, vk+1} and
vi is adjacent to wi for 0 ≤ i ≤ k. Let A be a list on H∗ such that |A(w0)| = · · · = |A(wk)| = 2, |A(v0)| = |A(v1)| = · · · =
|A(vk)| = 4, |A(y0)| = |A(x0)| = · · · = |A(xk+1)| = 5. If A contains a 2-facial coloring of H ∪ xk+1 after deleting at most one
color from A(vk+1) and at most three colors from A(xk+1), then A contains a 2-facial coloring of H∗.
Proof. We first put c(x1) ∉ A(w0) and then put c(v0) ∉ A(w0) ∪ c(x1). Now we color the vertices in the following order:
w1, v1, x2, w2, v2, x3, . . . , xk, wk, vk. Then delete c(vk) from A(vk+1) and A(xk+1), and delete c(wk) and c(xk) from A(xk+1).
Now xk+1 has at least 2 admissible colors. If H ∪ xk+1 can be 2-facial colored, then H∗ is also 2-facial colorable since vertices
y0, x0, andw0 can be colored in last place in this order (Fig. 7). 
Lemma 11. G has no two loaded vertices adjacent to each other.
Proof. Let u and v be adjacent loaded vertices.Wemust exclude the following possibilities: (a) (220−022); (b) (220−021∗);
(c) (21∗0− 01∗2).
To prove (a) and (b), we take a 2-facial coloring of G− v and uncolor u and the 2-vertices of the threads incident with u
and v. Due to Claim 9, this coloring can be extended to the whole G; a contradiction.
Instead of (c), we prove the stronger statement that a (2, 1∗, 0)-vertex u cannot be adjacent to a (2, 1, 0)-vertex v. Indeed,
suppose v is incident with a 2-thread vv′1v
′
2v
′
3 and 1-thread vv
′′
1v
′′
2 , while u is incident with a 2-thread uu1u2u3 and a feeding
path FP(u) = x1v1x2 . . . xkvkxk+1 going from a (2, 1, 1)-vertex z to u, where u is adjacent to xk+1, z is adjacent to x1 and is
incident with 2-thread zx0y0y′0, and vi is adjacent towi ∉ FP(u) for 1 ≤ i ≤ k. Here, we uncolor u, v, z, all vertices in FP(u),
their adjacent 2-vertices, and 2-vertices of 2-threads incident with u, v, and z.
We are easily done if z = v′′2 (note that now z ∉ {u3, v′3} since g(G) ≥ 12) by first putting c(v′′1 ) ∉ A(x0) and then coloring
the other uncolored vertices in this order: v, v2, v1, u, u2, u1, xk+1, wk, vk, . . . , x1, z, y0, x0. (Alternatively, we can first put
c(x1) ∉ A(x0) and then argue as in the next paragraph.)
So, from now on suppose that z ≠ v′′2 . If z ∉ {u3, v′3}; then we apply RE along FP(u) successively to z, v1, . . . , vk, so
that the 2-vertices of FP(u) are colored while |A(z)| = |A(v1)| = · · · = |A(vk)| = 2, then color the small tree T spanned
by v, u and the 2-vertices of their incident 1- and 2-threads using Claim 9, and finally extend the coloring obtained of T to
vk, . . . , v1, z in this order.
If z ∈ {u3, v′3}, then we apply Claim 10. Note that in both cases, z = u3 or z = v′3, the residual graph H ∪ xk+1 (in
the notation of Claim 10) consists of six vertices xk+1, u, v, v′1, v
′
2, v
′′
1 (if z = u3) or xk+1, u, u1, u2, v, v′′1 (if z = v′3), and
we can assume that |A(xk+1)| = |A(v′′1 )| = |A(v′2)| = 2 and |A(u)| = |A(v)| = |A(v′1)| = 4 or |A(xk+1)| = |A(u2)| =|A(v′′1 )| = 2 and |A(u)| = |A(v)| = |A(u1)| = 4. So, H ∪ xk+1 is the neighborhood of a (2, 2, 1)-vertex and can be colored
by Lemma 6. 
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Fig. 8. Proofs in Claims 12 and 13.
Fig. 9. Proof in Claim 14.
Claim 12. Suppose a graph H consists of a path u2u1uu′1u
′
2 of vertices having 2 , 4 , 5 , 4 , and 2 admissible colors, respectively,
and a path v2v1vv′1 of vertices having 2 , 3 , 4 , and 2 admissible colors, respectively, where u is adjacent to v. Then H is 2-facial
colorable with admissible colors.
Proof. See Fig. 8(a). We put c(u) ∉ A(u2)∪ A(v′1) and then color u′2. Now v′1, v, v1, and v2 can be colored by Claim 1. Finally,
we color u′1, u1, and u2 in this order. 
Claim 13. Suppose a graph H consists of a path u2u1uu′1u
′
2 of vertices having 2 , 4 , 5 , 3 , and 2 admissible colors, respectively, a
path vv1v2 of vertices having 5, 3 , and 2 admissible colors, respectively, and a pathw2w1ww′1w
′
2 of vertices having 2 , 4 , 5 , 4 ,
and 2 admissible colors, respectively; furthermore, v is adjacent to u andw. Then H is 2 -facial colorable with admissible colors.
Proof. See Fig. 8(b). Put c(v) ∉ A(w′1). We color v2 and v1 in this order, and then color path u2u1uu′1u2 by Claim 2. Finally,
we colorw,w2,w1,w′2, andw
′
1 in this order. 
Claim 14. Suppose a graph H consists of a path u2u1uu′1u
′
2 and a path v
′
1vx1v1x2 . . . vk+1xk+2yk+2, where vi is adjacent to wi
for 1 ≤ i ≤ k + 1, while u is adjacent to v. Then every list A on H such that |A(u2)| = |A(u′2)| = |A(v′1)| = |A(w1)| =· · · = |A(wk+1)| = |A(yk+2)| = 2, |A(u′1)| = 3, |A(u1)| = |A(v)| = |A(v1)| = · · · = |A(vk+1)| = |A(xk+2)| = 4,|A(u)| = |A(x1)| = · · · = |A(xk+1)| = 5 contains a 2-facial coloring.
Proof. Put c(u) ∉ A(u2) ∪ A(u′2) and then color v′1. Now we apply operation RE to vertices v1, . . . , vk consecutively, then
color wk+1 arbitrarily, and apply Claim 1 to path vkxk+1vk+1xk+2yk+2. Finally, we color vk−1, . . . , v1, v, u′1, u
′
2, u1, and u2 in
this order (Fig. 9). 
A vertex v is overloaded if its charge becomes negative after applying R3 and R4. Note that v might be of one of the
following types: (210), (1∗1∗0), (11∗0), (200), and (1∗00), where 1∗ denotes a 1-thread extended by the feeding path. To
complete the proof of Theorem 1, it suffices to prove that overloaded vertices cannot exist.
In what follows, if v is a (2, 1, 0)-, (1∗, 1∗, 0)- or (1, 1∗, 0)-vertex, then by vv1v2v3 and vv′1v
′
2 denote the 2- and 1-threads
incident with v. If v is a (2, 0, 0)- or (1∗, 0, 0)-vertex, then by vv1v2v3 or vv1v2 denote the 2- or 1-thread incident with v,
respectively. By FP(v) denote the feeding path ending at v.
By u orw denote the loaded vertices adjacent to v, while uu1u2u3, uu′1u
′
2 andww1w2w3,ww
′
1w
′
2 are the 2- and 1-threads
incident with u andw, respectively.
Lemma 15. G has no overloaded vertex.
Proof. Let v be an overloaded vertex. We have the following possibilities for v to be adjacent to (2, 2, 0)- and (2, 1∗, 0)-
vertices:
(A) (220− 012);
(B) (21∗0− 012);
(C) (220− 01∗1∗);
(D) (21∗0− 01∗1∗);
(E) (220− 011∗);
(F) (220− 020− 022);
(G) (220− 020− 021∗);
(H) (220− 01∗0− 022).
O.V. Borodin, A.O. Ivanova / Discrete Mathematics 312 (2012) 306–314 313
Fig. 10. Cases A, B, and C in Lemma 15.
Fig. 11. Cases D and E in Lemma 15.
Fig. 12. Cases F, G, and H in Lemma 15.
See Figs. 10–12, where 1∗-thread is depicted by a vector directed to a (2, 1, 1)-vertex surrounded by an oval.
In fact, we have proved (A) and (B) in the course of proving Lemma 11. Since (E) is stronger than (C), we skip (C).
In proving (D), we say that two feeding paths close each other either if they start at the same (2, 1, 1)-vertex or if they
start at two different (2, 1, 1)-vertices joined by a 2-thread. Let u be a (2, 1∗, 0)-vertex adjacent to a (1∗, 1∗, 0)-vertex v,
and let u be incident with a feeding path P1, while v be incident with a feeding paths P2 and P3. By the symmetry between
P2 and P3, we can assume that if there is a closing between P1, P2, and P3, then P3 participates in closing (so, P2 never closes
with P1).
Take a 2-facial coloring of G − v and uncolor u, u1, u2, v′1 (where v′1 ∈ P3) and all vertices of P1 and P2 (including their
initial (2, 1, 1)-vertices) and the 2-vertices of their incident 1- and 2-threads. Now our proof splits. If neither P1 nor P2 is a
feeding path for u3, then we are done by applying Claim 14. If P1 or P2 is a feeding path for u3, then by applying Claim 10 we
get into the situation resolved in Lemma 7.
We can prove (E) in the same fashion as we proved (c) in Lemma 11. If there is no closing, then the proof follows easily
from Claim 12. Otherwise, we apply Claim 10. Here, the graph H ∪ xk+1 consists of a path u2u1uvxk+1 augmented by edge
vv1, where |A(u2)| = |A(v1)| = |A(xk+1)| = 2, |A(u1)| = 4, |A(u)| = 5, |A(v)| = 3. Thus, we color xk+1, v1, v, u, u2, and u1
in this order.
The proof of (F) follows immediately from Claim 13. It remains to prove (G) and (H). Note that in both cases there is a
unique feeding path P . If P does not create a subgraph H∗ described in Claim 10 (i.e., there is no closing), then we apply
operation RE to vertices of P as we did before and use Claim 13 again. Otherwise, we have one of the following types of
subgraph H in Claim 10: (220− 022), (221− 121), and (320− 021) in (G) and (220− 013) in (H). The colorability of all of
them but the second follows from (A) of this lemma, while the colorability of (221−121) follows from the proof of Lemma 7.
Now H∗ can be colored by Claim 10, a contradiction. 
So, after discharging according to R1–R4, the charges of all 3-vertices are nonnegative. It remains to observe that every
4+-vertex v has µ∗(v) ≥ 5d(v) − 12 − 2d(v) ≥ 0, since v sends at most 2 along every incident edge. This contradicts (2)
and thus completes the proof of Theorem 1.
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